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Abstract— High defect rates are common in nanotechnology
and fabrication has to deal with increasing variations and percent
of mortality rates. Qualitative changes are introduced in circuit
design to make nanoscale architectures less prone to defects.
Fault tolerant techniques will be crucial to the use of nano-
electronics in the future. On architectural level, partial defect
tolerant design can be a candidate method to decrease overall
fabrication costs. The goal of this paper is to estimate costs of
nanotechnology fabrications of partial defect tolerant systolic
arrays with different topologies. With aim to investigate the
possibilities for nanoscaling of partial defect tolerant arrays with
different topologies the yield analysis procedure will be given. We
will consider 1D systolic array for matrix-vector multiplication
and 2D bit-plane semi-systolic array. Fabrication cost savings
for partial defect tolerant nanoscale designs will be analytically
obtained and illustrated on FPGA implementation of the arrays.

I. INTRODUCTION

As device sizes scale to the size of individual atoms and
molecules, process variations, defect rates and infant mortality
rates are increased [1], [2]. The production of nanoscale
devices deals with precision of single atoms. The lack of
predictability significantly complicates the fabrication process,
and it will only become worse as scaling continues [3].
Architectures with more than a billion devices are likely to
have thousands of defects [4], [5]. As the number of devices
expected to be placed on a chip is about 102, it is assumed
that 1-15% of the resources on a chip will be defective [3].

Obtaining correct output from the system that use initially
defective parts is one of the research topics since the beginning
of computer architecture design [6]. With defect rates in
nanoscale designs, fault tolerance has to be solved on an
architectural level. Novel techniques and architectures will
have to be devised in order for nano-electronics to become
a viable replacement for current VLSI processes.

Fabrication of die with 100% working transistors and inter-
connections becomes prohibitively expensive [1]. Increasing
cost of fabrication facilities is a direct result of the mechanical
precision required to fabricate the integrated circuits. Hence,
there are applications that do not require a 100% computation
correctness and can accept variations in output results [1], [7].
This property can be used to reduce the cost. If system has
minor hardware defects and still produce acceptable output,
it can be rather sold than being discarded. Such systems are
called Error Tolerant (ET) systems. Multimedia applications
are examples of ET systems. ET systems don’t incorporate
any fault tolerance design method.

The design method proposed in [8] gives a flexibility to
make a compromise between ET and Full Fault Tolerant
(FFT) systems. In contrast to FFT systems, which apply some
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defect tolerance method to all parts of the system, Partial
Defect Tolerance (PDT) gives smaller silicon overhead [8].
The goal of Partial Defect Tolerance (PDT) design method is
to locate the size and position of the most important part of
the architecture and apply some defect tolerant method. Based
on a defined output error thresholds, the most important part
of the system is identified and designed as defect tolerant [8].

The goal of this paper is to estimate costs of nanotechnology
fabrications of PDT systolic arrays with different topologies.
With aim to investigate the possibilities for nanoscaling of
partial defect tolerant arrays with different topologies the yield
analysis procedure will be given. We will consider 1D PDT
systolic array for matrix-vector multiplication and 2D PDT bit-
plane (BP) semi-systolic array. In order to evaluate the method,
we will obtain defect probability ps which points when the
PDT becomes preferable. With aim to estimate the cost, the
probability pg will be considered for 1D and 2D topologies.
Impact of the number of basic cells within the array on the
probability pg will be given in respect to nanoscale designs.
The savings that can be achieved using PDT design will be
given.

II. PARTIAL DEFECT TOLERANCE

In order to clarify cost estimation for PDT architectures,
in this section we will briefly introduce the partial defect
tolerance. The partial defect tolerance will be illustrated on
2D bit-plane architecture from Fig. 1 [8]. Output words {y;}
are computed as

Yi = Co%i +C1Ti—1 + ... + Chk—1Ti—k+1,

where cg, c1,..., cx—1 are coefficients while {x;} are input
words (Fig. 1).
The following notation is adopted: m — coefficient word

length; k¢ - number of coefficients (cg,c1,...,Che—1); N

- input word length; cg - bit of coefficient ¢; (with weight
2); i = e D, where ¢l ... "t are the
bits of coefficient ¢; with weights 20,‘217‘. . ‘,27".*1, respec-
tively; ¢ =c_,¢,_5...c, where ¢j,cf,...,¢;,_,, are the
bits with weight 27 of coefficients cg,c1,...,cx—1, respec-

tively; [lo - the number of basic cells within one row of a
BP array; y! - the bit of output word y; with weight 27.

Each BP (Fig. 1) is formed as a set of ko rows. A row
performs the basic multiply-accumulate operation between the
intermediate result from the previous row and the product of
the input word and one coefficient bit. Delayed for one clock
cycle per row, the output word is available after k¢ - m clock
cycles [8].
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m-k.

sum=a@ bh® (x-¢)

carry=a-b+a-x-c+b-x-c

Fig. 1. BP array with regular connections and architecture size parameters

The PDT design method identifies the important part of the
architecture, and applies defect tolerant method on it. For the
sake of illustration, the important part that has influence on
the most significant bit of BP architecture is shaded in Fig. 1.
This part of the architecture is referred as Non-Tolerant Area
(NTA) [8]. In other words, errors that can appear in NTA area
shouldn’t induce an error in the most significant bit. Possible
errors from the rest of the architecture will result in acceptable
outputs.

To determine the impact of errors within the the architecture
on output results, the appropriate metric should be involved.
To define acceptable results in a formal mathematical manner,
the distance between two output results have to be defined [9].
One possible metric is the Hamming metric, defined as

lp—1

Ap = Z (yzorr@yé’rr)’ 1

i:lg —Q

where [y is the total number of outputs. According to (1),
the computation result is acceptable if the o most significant
bits out of [y have correct values, i.e. when Ay = 0. Other
applications can find different metrics suitable for defining
erroneous results.

If we assume that o« = 1 for the BP array shown in Fig.
1, acceptable results in respect to (1) are the results that have
correct values in the most significant bit 4! ~1. Architecture
cells that can induce error in the most significant bit ylo—!
are called Error Significant Set of y'°~!. The union of all
ESSs defines a partition of the architecture, which should be
designed as defect tolerant in order to obtain partial defect
tolerant architecture [8].

III. YIELD ANALYSIS

In order to evaluate fabrication costs of ET and PDT
systems, the price per usable die should be obtained.

Let C be the fabrication cost of one defective or non-
defective die. Price per usable die is U(p, ) = u - C, where
u >= 1. Parameter v depends on defect probability p and
system geometry. If the probability of having defect is p = 0,
the price for fabrication of one usable die is equal to the
price of production of one die, i.e. w = 1. In other words,
every produced die is acceptable. However, if the probability
of having defect is 0 < p < 1, the price of fabrication of
one usable die is greater than C' [9]. That means that not all
fabricated dies are acceptable and the cost is greater due to
the discarded dies.

Fabrication yield Y of the design is a ratio of fabrication
cost of one usable die and cost to fabricate enough dies needed
to obtain one usable die. In presence of defects, number of
needed produced dies can be greater than one. Fabrication
yield depends on defect probability p and number of important
architecture outputs

Y00 = g

Value Y = 1/2 tells that 2 dies should be produced in order
to have 1 usable die. The goal of fabrication process is to keep
Y closer as possible to 1.

To evaluate fabrication cost of one non-defective die, the
number of subsystems that belong to NTA have to be de-
termined. If the total number of subsystems is 7' and the
probability that subsystem belongs to NTA is denoted as '(«),
where 0 < T'(a) < 1, than the total number of subsystems in
NTA is I'(«r) - T. For I'(ar) = 0 the system is ET, while for
I'(«) = 1 the system is FFT.

Let pyT4 be the probability of having a defect within the
NTA partition. If the system is ET, then no additional hardware
overhead is introduced, thus the cost C' remains unchanged
giving the cost per die

2

C

ET

U™ (pnTa, o) = 0 prra T T 3)
Using (2) and (3), the yield of ET system is

¢
UET(pNTAv a)

In the case of PDT system, obtaining a yield is a bit more
complex. The new fabrication cost C’ of the PDT system will
be greater than C' due to introduced hardware overhead for the
purpose of defect tolerance. Instead of fabrication cost C, by
applying some defect tolerant method to NTA partition, the
fabrication cost is increased. Also, the probability R to have
non-defective cell within NTA should be obtained.
Using (2), the yield of PDT system can be expressed as

C C
UPPT(pnra,a) e

Expressions (4) and (5) describe the yield of a generic
systolic array and show that the yield of an architecture

Yer(pnra,a) = — (1= prra) @7, &)

Yppr(pnTa, ) = CRY@T(5)
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depends on defect probability (pnr1a4), size (I') and topology
(T'(«)) of the NTA.

Obtaining I'(«) for different topologies will be given in the
next section.

To be able to compare fabrication yields of ET and PDT
systems, a defect tolerance method should be adopted. In the
following analysis we will consider Spare Component (SC)
defect tolerant method [10]. In SC each subsystem has 2
spares. If original subsystem is taken into consideration, new
defect tolerant subsystem has three cells in total, giving new
cost

C'=T(a)-3-C+(1-T(a))-C=(1+2I(a))C. (6)

The probability to have non defective cell in NTA within PDT
system is the probability to have at least one (of three) defect-
free cell, i.e.

R=(1-p)*+3(1-p)*p+3(1-p)p’. (7)

Fig. 2 illustrates the change of (4) and (5), for a particular
case T=168 and I'(«) = 0.5, when R is given with (7) and
C’ is given with (6).
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Fig. 2. Comparison of fabrication yields of ET and PDT arrays for I'(a) =
0.5 and T=168.

Nanoscale architectures usually have billions of cells, but
defects can impact a significant number of subsystems. To
find the defect probability pg which points when the PDT
becomes preferable, the equation Yppr(ps,a) = Yer(ps, )
has to be solved. The solution of the equation depends on the
total number of subsystems ('), and can be obtained from (4)
and (5). The dependency is illustrated in Fig. 3.

By increasing the total number of subsystems PDT design
becomes preferable for smaller defect probabilities (Fig. 2).
From Fig. 2 it can be concluded that for nanoscale architec-
tures PDT is preferable.

IV. YIELD ANALYSIS OF DIFFERENT TOPOLOGIES

In order to evaluate the PDT method for different topologies,
in this section we will obtain the function I'(«) for 1D and
2D arrays.
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2000 4000 6000 8000 10000
Fig. 3. P(a,T) for different values of parameter 7', and I'(a) = 0.5

A. 1D systolic array

Fig. 4 shows 1D systolic array that implements multiplica-
tion of input vector X of length n and matrix Az, Y = A- X
in t = m +n — 1 clock intervals, where m is the number of
columns in matrix A [11].

One basic cell in array from Fig. 4 performs multiplication
and cumulative addition. In further discussion the SC is
adopted as a PDT defect tolerance technique.

3 a3

a3 a4y a3
o3 ay a1 30
o + an LT
o) 1o
oo

X, X xo—b{ Yo }—){ Y1 }—V‘ e H V3 }—b
PE, PE, PE, PE,
Fig. 4. 1D linear systolic array

If the T is the total number of array cells, than T = m. For
the PDT implementation of the array, we will adopt (1) as a
metric. That means that array shown in Fig. 4 should provide
error-free results on the leftmost o outputs. In other words
NTA contains « cells. Hence, I'(a) = /T

Using (4) and (5) we obtain
=(1-p)* ®

T (o3
T TH+2a B, ©)
where R is given by (7). To find the defect probability pg
which points when PDT becomes preferable design method,

(8) and (9) should be used instead of (4) and (5) in the analysis
from previous section.

YET(p7 O[)

Yppr(p, @)

B. Bit-plane systolic array

Yields analysis can be applied on more complex planar
bit-plane array. Such an architecture is more likely to be
implemented in nanotechnology, as it offers higher throughput
and better area utilization [3].
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For the BP architecture shown in Fig. 1, I'(«) is obtained
in a formal mathematical manner in [9] as

0, a=0
m-k 3
kem”+kem—2+a(2kgm+3)—a

other

2-m-kc-L )

Obtained I'(«) allows estimation of yield for BP arrays of
different sizes. The defect probability ps which points when
the PDT becomes preferable in case of BP array is solved in
a similar way [9].

For analyzed 1D and 2D architectures, I'(«) are shown in
Fig. 5. From (5), it can be concluded that for smaller values for
I'(«) greater fabrication yields can be achieved. Fig. 5 shows
that for small number of important output results «, I'(«) of
ID array is less than I'(a) of 2D array, thus the yield of 1D
array is greater than the yield of 2D array. That implies lower
fabrication costs for 1D arrays for the same level of defect
probabilities and defect tolerance a.

()
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Fig. 5. Comparison of I'(«) function for 1D and 2D systolic arrays

V. IMPLEMENTATION RESULTS AND COST SAVINGS

To measure implementation cost savings, 1D and 2D arrays
are described in VHDL and implemented on FPGA chip.
Implementation cost savings are obtained using equation

Ula) = & DT(égiT—(gaT(a)

Figure 6 shows fabrication cost savings for PDT implementa-
tion of 1D systolic array. Dashed line shows expected results,
according to (11), while two other functions show FPGA
implementations for two different sizes of the array. The
implementation results of 2D BP array from Fig. 1 are given
in [8].

The results given in Fig. 6 follow the shape of estimated
results for I'(«v) of 1D array given in Fig. 5.

- 100.

Y

VI. CONCLUSION

In this paper we estimated the costs of nanotechnology
fabrications of PDT systolic arrays with different topologies.
With aim to investigate the possibilities for nanoscaling of
partial defect tolerant arrays with different topologies the
yield analysis procedure was given. We considered 1D PDT
systolic array for matrix-vector multiplication and 2D PDT

U(a) [%]
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Fig. 6. Implementation results and cost savings for 1D PDT array

bit-plane (BP) semi-systolic array. In order to evaluate the
method, we obtained defect probability pg which points when
the PDT design becomes preferable. It is shown that for
defect probabilities common for nanotechnology PDT method
is preferable over ET design. With aim to estimate the cost,
the probability ps was considered for 1D and 2D topologies.
It is estimated that 1D arrays are more preferable for PDT
method application than 2D. The savings that can be achieved
using PDT design were demonstrated.
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